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1 Introduction 


We are looking for the solution of the following problem 


(P) 


' 9 n+4 

in R 

< u > 0 in R 

u = Au = 0 on dQ 


where O is a bounded domain of M” (n > 5) with a smooth boundary dfl. 

The interest in this equation grew up from its ressemblance to some geometric equations 
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involving Paneitz operator and widely studied in these last years (see for instance |11], 
1^, 1^], |l^, |]T^, H^). In contrast with the subcritical case, the variational problem 
corresponding to (P) presents a lack of compactness which can be easily seen in the fact 
that the Euler functional associated to (P) does not satisfy Palais-Smale condition (P.S.). 
This means that there exist non compact sequences along which the functional is bounded 
and its gradient goes to zero. This is due to the non compactness of the embedding 


A first result concerning (P) was obtained by Van der Vorst [^], who proved that (P) has 
no solution when Q is starshaped. Such non existence results were proved by Pohozaev |[T7[| , 
for Yamabe type problems on a domain of M”. Pushing further the ressemblance of the 
two problems, the Yamabe type from one part and the Paneitz type from the other part, 
we are led to investigate the influence of the topology of the domain Q on the existence of 
the solution. We obtain a similar result as the one obtained by Bahri-Coron Q for Yamabe 
type problems. Namely, if /c is a positive integer and we denote by Pfc(n, Z 2 ) the homology 
of dimension k of Q with Z 2 -coefficients, we have the following result 


Theorem 1.1 If 7 ^ 2 ) 7 ^ 0 for some positive integer k, then the problem (P) has a 

solution. 


The solution obtained in Theorem |1.1| can be characterized to be a solution of higher 


energy and higher index. Precisely, we have the following characterization by Chen |^] of 
the solution obtained by the Bahri-Coron topological scheme. 


Theorem 1.2 The solution u obtained in Theorem 1.1 satisfies, for some positive integer 

Po-- 


(t) Po-^S < J(u) < (po + l)^5; 

(ii) ind{J,u) < {pQ + l)k + po, ind{.J,u) + dim ker 8“^ J{u) > pok + po; 

4 

(Hi) u induces some differenee of topology at the level pk~‘^ S where S~^ is the best constant 

277 . 

of the Sobolev embedding ^ 


The proof of Theorem |1.1| goes along the topological arguments introduced by Bahri-Coron 
0. That is, arguing by contradiction, we assume throughout the paper that the problem 
(P) has no solution. Then we introduce a family of continuous maps of pairs which induces 
nontrivial homomorphisms in the relative homology under the assumption that (P) has 
no solution. Expanding carefully the Euler functional associated to (P), near its potential 
critical points at infinity, we prove through a study of the interaction between the solutions 
of the problem “at infinity” that, when some parameters of the above family become very 
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large, the homomorphisms induced become trivial, leading then to a contradiction. 

It is worthwile to point out that our solution is obtained exploiting the topology of the 
domain, however the expansion of the functional involves the Green’s functions for the 
bilaplacian operator under Navier conditions which suggests that the geometry of the 
domain would play some role in a necessary and sufficient condition to obtain a solution 
of (P). Such feature is shared by the corresponding Yamabe type problem see [^. 

The plan of the paper is the following. In section 2 we present some technical tools, while 
in section 3 we study the expansion of the Euler functional associated to (P), near its 
potential critical points at infinity. Section 4 is devoted to the proof of Theorem O- 
Finally in Section 5 we collect some useful lemmas. 

2 Notation and Preliminaries 

Let O be a bounded domain of {n > 5) with a smooth boundary dfl. Let E := 
n equipped with the norm 




whose critical points are solutions of (P), it’s more convenient here to work with the 
functional 


n 


J{u) : 



( 1 ) 


One can easily verify that if n is a critical point of J on S_|_, then J{u)~^ tt is a solution 
of (P). Let us introduce the gradient flow of the functional J which will be used in the 
classical deformation argument. 


o’ = -J'ivit, u)) {t, u) € [0, +oo[xP 


(2) 


7?(0, u) = U 


By the maximum principle, the above flow preserves the positive cone, namely we have 
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Lemma 2.1 is invariant with respect to r}{t, ■), i.e., if u & then r]{t,u) G E_|_. 


The functional J is known to not satisfy the Palais-Smale condition (PS for short) on S_|_. 
However, as in Struwe |]T^ (see also iQ) sequences of Palais-Smale failing the PS condition 
can be described. To this end, we introduce the solutions of the problem 

n+4 

in 

V > 0 in M"" 

which, according to Chang-Shou Lin |Q] are radially symmetric about some point a G 
and are given by the following family of (n -|- 1 ) parameters 

n-4 

"" (l + V|x-a|0 ’ 

where Cn is a normalization factor depending only on n and is such that (A(5a^A) ‘^dx = 1 . 
For any a G fl, A > 0 , Let P5a,\ be the unique solution of 

{ n+4 

A^P6a,x = 5:,a" in ^ 

P6a,x = ^PSa,x = 0 on dn 

and set (pa,x ■= da,x - Pda,x- 

Given a positive integer p and e > 0, we denote by 


V{p,e) := 


u G such that 3 (oi, • • • , Up) G and 3 (Ai, • • • , Xp) G (M^)^ such that 

< e, with Ajdist (oj, dQ) > ^ and Sij < e 


11 — 

IIEr=l^'5a,.Aj 


where 


1 


Sij — 


3“ + + AjAjr|®i — 0 , 


dist being the euclidean distance in R”'. If n is a function in V{p,e), one can find an 
optimal representation, arguing as in Proposition 7 of Q , namely we have: 


Lemma 2.2 For every p >1, there exists e > 0 such that for any u G V{p,e) the mini¬ 
mization problem 


inf 

Oti ^bi 


u — 




i=l 


has a unique solution, up to a permutation on the set of indices { 1 , • • • ,p}, where ai > 0 , 


G n, /Ti > 0 for any i = 1, ■ • • ,p. 
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Setting bp := (p)"—‘S', we have the following characterization of Palais-Smale sequences. 

Proposition 2.3 Under the assumption that (P) has no solution, let {uk) C S_|_ be a 
sequence satisfying J{uk) c, a positive number and dJ{uk) —> 0. There exist an integer 
p > 1 and a sequence {sk)k such that Uk G V{p,e). Conversely, let p G N"'', let (sk) be 
a positive sequence with limfc_»_|_oo efc = 0 and let (u^) C V(p,e) then dJ{uk) —> 0 and 
J(uk) ^ bp. 


Remark 2.4 As observed by Bahri-Coron in 0], this kind of conclusion were already ob¬ 


tained in other situations. For instance Sacks-Uhlenbeck |^], Meeks-Yau j^] for Harmonic 


maps, Wente |24|, Brezis-Coron Q for H-systems. 

Setting 

Wp := {n G such that J{u) < 6p+i} 

we state the following deformation lemma, whose proof is similar to Lemma 17 in Bahri- 
Brezis |p. 

Lemma 2.5 Given p G N* and e > 0. Under the asumption that (P) has no solution, 
the pair {Wp, Wp-i) retracts by deformation onto the pair {Wp-i U Ap, Wp-i) where Ap C 
V{p, e). 


3 Expansion of the functional near its potential critical point 
at infinity 

We hx iL a compact subset in fl. Let us recall that 0{x) will denote functions such that 
0{x) < C\x\ for some postive constant C. This section being devoted to an expansion of 
J in V{p,e), a first estimate is given in the following lemma. 

Lemma 3.1 For every p G N* and every e > 0, there exists Xp = A(p, e) such that for any 
(ai, • • • , Up) satisfying ai > 0, = 1; for any (m, • • • , Op) G RP, for any A > Xp, 

we have: 

p 

atPdai,)^ < {p + e)'^S. 

i=l 

Proof. By adapting the lemma B2 of Q in our situation, we get 


J 




PS. 


2 = 1 


«i,A I ^ 


< 


bai,\ 


2n 
n —4 


dx 


2=1 


^ a* P6, 


ai.X 


2n 
n —4 


dx 


2=1 




2 = 1 


2n 
n —4 


dx 


4 

n —4 
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where /3j := 




. Now, from the convexity of x —> Ixl"—‘ we have that 


2 ti 

-4 

,A • 


P _2n_ P _ 

<'Ei3,K:> 

i=l i=l 

So, by integrating and using the definition of S we obtain that 

, P ■. r P 2 n 

y2 - / J2f^i^a~xdx 


i=l 


in 


i=l 


< 


-4 f ^ 2 ti 

JM.”\n ^ 


n —4 /I 

< + o{j-^ 


Now using Lemma xA, the inequality in Lemma |5.2| (i) and the convexity of x 
we also get 


n+4 
\d(y\ n —4 


'(E 


J(> aiP5^,^x] < 

i=\ 


^ aiSai,\) " ^dx 


i=l 




2 = 1 


P"-4S’(l + 


1 + O ( ^n-i 


Then, for A > Ap, it follows that 


P 4 1 4 

j(^ aiP6ai,x) < < (p + e)^5. 

2=1 


In the sequel, we will prove that e can be taken equal to zero in the above lemma 
provided that p is large. 

Lemma 3.2 For any integer p € [2,+oo[, there exist ei > 0, A 2 G (0,oo) such that for 
any (oi,--- , Up) G K^, A G (A 2 ,C)o)^, (ai,--- ,ap) G (0, 00 )^, with — 1; if there 

exists zq G {1, • • • ,p} such that ai^ < ei, then j(Y1^=i Pdai^x'^ < p'^S. 

Proof. Assume that ap y 1 and set di := —, then by easy computations, one can 

Li=i “i 

see that 


N- 


Y] cti ^dai,x) dx = {1- a„ 


i=l 


p-1 


n 


di A6ai,x) dx + o 


i=2 


a. 
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and 


i=l 


2n 

D := I aidai,x]"~'^dx = {1 - ap)^ I (y~] dj dg^^x) dx + 0(a 


i=l 


2n 
n —4 


2n 
n — 4 
jLp 


Therefore 


p-i 


■'(E a^P5a,,x) < J{^ P “1“ O 


n — A 

P 


2 = 1 2=1 

For any e > 0, the exists ei > 0 such that if Up < ei, then 

p-i 


j(j2(^iP^a,,x) < j(j2diPSa^,x){l+e). 


2=1 


2=1 


Now from Lemma ^ we have that 

p 


aiPSaip'j < (p - 1 + e) "-■‘5 + e < p"-45. 


2=1 


Let us recall that in the last lemma, we used the assumption that at least one ctj is 
small enough. Following [P, in order to get an estimate of j(Y1^=i C(iPdai,x^ similar to 
the one in Lemma |3.2| , when all the at are bounded from below, we will need an expansion 
of at PSa ~^ involving the Green’s function and its regular part for the bilaplacian 

operator under Navier boundary conditions (see Appendix). 

We have the following proposition. 

Proposition 3.3 There exists a positive eonstant C{p) such that 


p 

aiP6ai,x^ - 4'{a,a,X) 


2=1 


< 


C{p) 


^n-2^n-2 ’ 


where d = d{a) := minj^j |aj — aj\, 


'I'(a, a. A) : = 


iSlal "-4 


2n \ '^ \ . 

|Q,||n-4 I A 


1 - 


Cl 


n—4 




2=1 



Gigli , Qj ) 


(3) 


, 
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with G and H the Green function and its regular part for the bilaplacian operator under 
Navier boundary conditions (see Appendix), 


\a\ : = 






2=1 


2=1 


Cl := 


n+4 

nc2cf~^ 

, V n — 4 

{n-A)S— 


and C 2 is given by 


C2 ■ = 


-I 


dy 


(1 + |yp) 


ti+4 

2 


Proof. We set u := a* PSa^^x and we recall that J{u) 


{Au)‘^dx 


2=1 


Let us first begin with the expansion of the numerator. So, 


/ 

Jfi 


2n 

u^-'^^dx 


N- 


/ (Au)'^ dx = / A^uudx 

Jq Jn 


(4) 


(5) 


P /* n+4 _ p n+4 

IZ"? / K~xPK^dx + / K~xPda„xdx. 

i=l ijtj 4r2 


Using the estimate in Lemma ^.3| (ii), we get 


/ 

Jn 


n+4 
: n—4 


n+4 

., ’^-4 C2Cn~'^ 


1 


22 — 2 


G = 5— - + 0 ( 

On the other hand, given i ^ j, 

n+4 p n+4 p 

dl'xPda^xdx = / 52-p^P5a^,xdx- Pd^^^xdx 

JR’^ jR"\n 


I 

Jn 


n+4 
: n—4 


p n+4 1 

/ K-i + o(-J 

Jr^ 

p n+4 p n+4 1 

/ + o(-). 


n+4 


( 6 ) 


(7) 


We set Oij := a* — aj and let us now estimate I := 5", ^ da^^x dx. By easy computations, 

we have 


I = cJl 


2n 
n — 4 


A 


n+4 

2 


A 


2n 

— ^^-4 

— ^22 


/ 

JR' 


1 + A^jx — Uipy \1 + A^jx — Ojp 


— c^ 2 /- 


n — 4 
2 


dx 


( 8 ) 


n+4 


(1 + |y|2) 2 (1 + |y - Aa^P) 


n — 4 
2 
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We have also 


1 + |y — Aojjp — (l + i ^ 


|y|2 - 2Xy ■ a 


V 


1 + A^lajjP 


hence, for Xd{a) large and \y\ < \X\aij\ we obtain 


(l + I?/ “ Aajjp) ^ — (l + A^|ajjp) 




Let 


Then 


Al( 2 /) : = 


n+4 

1 \ ~ 


1 + 

+ O 

1 




1 + A^lajjP 

ll/p 

1 + A^lajjp 


n —4 
2 


(9) 


1 + |ylV Vi + li/ - 


1 


/ -4(y)hy = - 

'l2/l<Ak,h/4 (1 + A2|ay|2)' 


+ 


'|?/|<A|aij|/4 


o 


1 + W 


n+4 


dy ( 10 ) 


\y? 


(1 + A2|aijf) \^y|y|<A|a,,.|/4 (1 + |y|2) 


n+4 

2 


dy 


From the following identities 


lyp 


|j/|<A|aij|/4 (^2 + ll/p) 


n+4 

2 




1 


\y\<M°'ij\/^ (l + ll/p) 
1 


n+4 

2 


dy = 


I 

Jw 


(1 + ll/p) 


n+4 

2 




(1 + A2|a,,|2)'^ A- 4|a,.|n 4 


we finally obtain 


A{y)dy = 


C 2 




+ O 


+ o 


A" ^ 


A"-2|aij|"-2 


J|t/!<A|aij|/4 

with C 2 given in (Q). 

Now, in order to estimate j\y\yx\a-i/i A{y) dy we introduce the sets 

-^l^bl 1 B 2 := [y '■ \y\ < 


( 11 ) 


Bi:= <y : \y - Ao^l < 


A|a 


<ij I 
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Then 


/ 

JR' 


'\(BiUB 2) 
On the other hand, 


A{y)dy < 


Q roo ^n-1 


Xn-4\a,.\n-4 


f 


n+4 


dr = O 


'ij\ JX\aij\ _|_ j-2^ 2 




C 


I^My)dy < 


f 


X\aij\ ^n-1 


(l + 


n — 4 
2 


dr = O 


A’^la 




Finally, from (|Il|), (|I^) and (|I^), we get 


/ A{y) dy= A{y) dy+ A{y) dy+ A{y) dy 

JR" JR"\(BiUB2) JBi j B2 

C2 


+ O 




Si 

1 


From (|) and (|TJ) , we obtain 


n+l Co 

K-tda^xdx = + O 






So, from (|^, (IT) and Lemma (ii) we obtain that 


n+4 

"+4 

d^tPdaxdx = -^-dX— 

ai,\ “j)-' \)i—4 

I /A 


r . In—4 


_4 H{ai^aj) 


+ o 


( 12 ) 


(13) 


(14) 


(15) 


X^ ^ 


(16) 


n+4 
C2Cn~^ 


A' 


a” / 1 \ 

''—G{ai,aj) + j- 


Putting toghether (||), (^) and (IT) we finally get that 

n+4 

P 

I |2c+^ ‘^2Cn ^ 2tt/ i 

Af " = |a| S 4 — ., y a^H{aj, aj) 


n—4 


+ 


A^ 


n+4 

C2Cn"'‘ 


fi=l 


A' 


n—4 


^ ^ 0(^2, Uj) “t“ O 




1 


^n-2^n-2 


from which it follows that 


= |a|"-4S'4 < 1 — 


n+4 

C2Cn~^ 


. . . n n — ^ 

A^-4|a|25— 


ai) - E UiUj G{ai, aj) 


i=l 


(17) 


+ O 


1 


yi-2^n-2 
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\i=i 


2n 
n —4 


dx 


Now, let us write the expansion of -D := / dx = 

Jq 

for Xd{a) —> oo. To this end, we set 

Z ;= mindist (oj, 911) and Bi:= {y G H: |y — ai| < d'\ with d':= min(d(a)/2,/). 
i 

We have 


2n 
n —4 


/ {'y aiP 5 a- xY'~^dx < 


i=i 


\—^ \ 

> (Pdaip)"-'^ dx 


i=l 


V—^ \ 2n 

yOi {6a^,X - dx. 


Recalling that ||</7a,A||oo,n < Of Y-i ) (see Lemma |5.l|) , we obtain 


( > ai P6a X 


2n 
n —4 


B r 2n 

dx < C(p) V / dx + O 


(18) 


< 


C{p) [ 

J r 

= o 

2n 

In order to estimate dx, we write 


1 


r>\d' (1 + ry 


dr + o(^ 

VA" 


1 




Pdaj,X — Oti5a^p T ^ ^ Pdgj ,A OiiPai,\- 
i=i jV* 


Using Lemma (i), we get for q > 2 


p ^ 

= ydai,Xy + q{aidai,Xy~^(^yOijP6a^^X-aiPai,X^ + 


i=i 


, <? 


\ JT^i 

+ {ai5ai,xy~‘^ ini(^{ai5ai,xy , (^yojPda^p - mpaiP 
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Now, for (7 := we have on Bi that 


- a^Fa.,Xy = 0{l^) 


{ai6ai,xy PSai,X - aicpai^ 


= o 


j¥=i 

Putting toghether these estimates we get 


o,{ ,A 


dx = al 


'Bi 


L 


K \d.x + 

Qi.A n — 4 


2 n ^ /■ 


a 


J Bo 


j/* 


+ o 


(^-^ [ K~xdx], 


Recall that 




Bi 

= o(— 


So, analogously to the computations done in 


and Lemma 5.3 we obtain 


L 


ti+ 4 n+4 
n —4 ^ n —4 


^ ^ niiizA , 2n C 2 Cn a- 

S 4 + ^ 


E“4G( 


, dj j 




(19) 


n+4 2n 

_ 2n C 2 cr^ar^ 
n — 4 

Finally, from (18) and (1£) we get 
V 


H{ai,ai) + o( 


1 


Xn-2d'n 


-2 


^ = E 

2=1 


n+4 n+4 

^+4 , 2 n C 2 cr^ar" 

* n - 4 A^-4 


^ ^ otjGi^di , Uj ) 

j¥=i 


( 20 ) 


n+4 2n 

2n C2C^-"<-4 


n — 4 A 


n—4 


((2-2? (2-2 


+ o 


1 


An-2^/n 


-2 


2n n —4 

= a "-4S 4 


1 + 


2n 


n+4 

C2Cn“'‘ 


n+4 

iIlE“r"«iG'(ao«i) 


n 4 4 ||q,||„_4^ 4 




2n 


n+4 

C2Cn~‘^ 


n 4: 4||q,||„_4^ 4 


4 :,^n 


2 = 1 


+ O 


1 


Arx-2^m 


-2 y • 
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Then (^) and (pO[) give 


J{u) = 


\a\ 


\a\ 


2n 
71 — 4 


SU - 


n 


71 + 4 

C2Cn“'‘ 


A^-4|a|25V 


2=1 


Otj^H{cii^ Ui) ^ ^ OtjOij GjjXj^ (Xjj 


+ O 


1 


Xn-2^n-2 


1 - 


2 n 


71 + 4 

C2Cn~‘^ 


71 + 4 

2n rt-4' / ^ + OijG{ai , ttj ) 




+ 


2 n 


71 + 4 

C 2 Cn"'‘ 


4 ^71 n, — 4 / V 

A”“'^||a|| j=i 
Then, by easy computation we obtain 

J(u) = T(q:, a, A) + O 

with 4'(a,a, A) given in (0). ■ 


■> zn 


+ O 


1 


-2J/n-2 




1 


X^-2dn-2 


4 Proof of Theorem |1.1| 


For the proof of the Theorem |1.1| , we introduce the following notations: 

For any p > 1 and A > 0, let 

( p p \ 

Bp = Bp{K) = < X] OiiSai , Oj > 0, ^ Qfj = 1, Uj G iF > and Bq = Bq{K) = 


. 2=1 


2=1 


where iF is a compact subset in FI. Let also /p(A) denote the map from Bp{K) to S_|_ 
defined by 

AO) (x: =.«<..) = i|Sr 

Clearly we have -Bp_i C Bp and VFp_i C Wp. Moreover /p(A) enjoys the following proper¬ 
ties: 


Proposition 4.1 The function fp{X) has the following properties: 

(i) For any integer p > 1, there exists a real number Ap > 0 sueh that 

fp{X) : Bp{K) Wp for any A > Ap 
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(a) There exists an integer pQ > 1, such that for any integer p > pQ , and for any A > Xp^, 
the map of pairs fp{X) : {Bp, Bp^i) —> iWp,Wp-i) satisfies {fp)*{X) = 0 where 

{fp{X))* : H,{Bp,Bp_i) H,{Wp,Wp.i) 
and i/* is the *th homology group with Z 2 coefficients. 


Proof, (i) is a direct consequence of Lemma 3.2. 

(ii) is a consequence of Proposition Indeed, there exist C 3 and C 4 such that: 


H{y, y) < C 3 for all y G iL 

G{yi,y 2 ) > C 4 for all yi,y 2 ^K‘^- 
Hence from Proposition |3.3| , one easily deduces the following: 

There exist two positive real numbers v and fj such that, for any positive integer number 
p, there exists a constant C{p) such that, for any A G [1, oo[ and any a G with d{a) f 0, 

4 

maxa, A) < 

Ap_i 

where Ap_i := {(ai, • • • , oip), at > 0 , = !}• the other hand, let us point out 

4 

that there exist some do positive and A 3 > 1 such that '!'(«, a. A) < p”-‘^S, indeed 




+ 


C{p) 


{\d{a)) 


n-2 ’ 


lim G{yi,y 2 ) =+ 00 . 

\yi-y2\^0 


Suppose that d{a) > do- Now, to prove Proposition it is enough to choose po such 
that 

P — pdy < 0. 


Let us point out that H]^{Fl) f 0 implies that there exists a A;-dimensional compact 
connected C°° manifold V without boundary and a continuous map h : V ^ Fl such that 
if Wk denotes the class of orientation of V, then h^,{wk) f 0 and there exists a compact 
manifold K such that h{V) C K C Fl (see Thom [pl|] ). 

Let 

Fp = {(oi, • • • , Op) G such that 3i f j with Oj = Oj}. 

Let Gp be the symmetric group of order p, which acts on Fp, and let Tp be a ap- equivariant 
tubular neighborhood of Fp, in (The existence of a such neighborhood is derived in the 
book of G. Bredon |^, see also Appendix C in [^). 
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From another part, considering the topological pair {Bp{V), Bp-i{V)) we observe that 
{Bp{V) \ Bp-i{V)) can be described as (Vq*)* (Ap \ 5Ap_i) where 

(Vg’)* = {(ai, • • • jOp) G {dVy such that a* y aj,\/i / j} 

We notice that (Vg’)* (Ap \ (9Ap_i) is a noncompact manifold of dimension kp + p — 1. 
For 0 < 0 < 1, let A4p := Vp ^p-i, where Vp := Vp\ Tp and 

Ap_i := < (ai, • • • , Up) G Ap_i such that — G [1 — 0,1 + 0], Vi, j 

I 

Mp is a manifold which can be seen as a subset of Bp{V), and the topological pair 
{Bp{V), M.y retracts by deformation onto {Bp{V), Bp-i{V)), we thus have 

HyBpiV),Bp_yV)) = HyBp{V),Ml) 

Thus by excision we have 



HyBp{V),Bp_yV)) = HyM,dMp) 

Since any manifold is orientable modulo its boundary with Z 2 coefficients, we have a 
nonzero orientation class in Hkp_^_p_l{Bp{V), Bp-i{V)) which we denote by cUp. 

In contrast with Proposition |4.1| , we have the following Proposition: 

Proposition 4.2 Under the assumption that (P) has no solution, we have, 

for every p G N* (/p(A))*(a;p) # 0. 

where /^(A) : Bp{V) Bp{h{V)) Wp. 

Proof. An abstract topological argument displayed in |^] , pp 260-265 , see also [^, 
which extends virtually to our framework shows that; If (/((A)* ^ 0 then (/p(A))* ^ 
Ofor every p > 2. Since Js+s , for e > 0 small enough satisfies Js+e C P(l,5) , where 
<5 —> 0 if e —> 0 , one can define using Lemma p.2| a continuous map s : Js+s K which 
associates to u = aP6-^j -|- u G Js+e ^ point a ^ K. Here {a, a, A) is the unique solution 
(see Lemma p.2[ ) of the minimization problem: 

min{||u — aP6a,\\\ , a > 0, A > 0, a G K}. 


Let r : Wi —f Js+e denote the retraction by deformation of Wi onto Js+e ; the existence of 
a such retraction by deformation follows from the assumption that (P) has no solution from 
one part and from Lemma 2.5 from another part. Let us observe that s o r o /{(A) = idy 
hence (/((A))*(t(;i) ^ 0 , where wi is the orientation class of V. Therefore the proof of 
Proposition ^]^is reduced to the abstract topological argument of Bahri-Coron Q. ■ 


Proof of Theorem |1.1| completed: Proposition is in contradiction with Proposition 


4.1. Therefore (P) has a solution and Theorem 1.1 is thereby established. 
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5 Appendix 

Let G be the Green’s function for the bilaplacian, that is, given x € 

A^G(x, •) = CnSx in H 

G{x, •) = AG(x, •) = 0 on 911 

where Cn is the normalization constant in the definition of 6 a^x- If we set 

Cn 


^y) ■= 1-iiTA “ y) 


\x - y\ 


then 


A^H{x,-) = 0 
H{x,-) = 


n—4 


|x - y\ 
AH{x,-) = -2(n-4)- 


in H 
on 911 

on 911. 


|x — y\'^~* 

The following lemma gives the estimate of (pa,\ in terms of the function H{a,-). 
Lemma 5.1 Let ipa^\ := 5a^\ — P Sa^\, then 

Fa,x{y) = + O(^) on H. 

Proof. From the definition of P 5a,x we have 

A‘^(pa,x = 0 in H 

Fa,x = Sa,x on 911 

[ A(^a,A = A(5a,A on 911. 


Now if we set ga,x{y) ■= ri -4 H{a, y), then by the maximum principle we obtain that 

A^“ 

\\Fa,x - 5'a,A||oo,o < C'||A(Ja_A “ A^a^Alloo,^^ = positive constant G. 


Moreover, we have the estimate ||(/?a,A||oo,o A O 
lemma. ■ 


n —4 

A 2 


and this achieves the proof of the 
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Lemma 5.2 |Q, lemma 7] Let q > 2 be given. 

(i) There exists 7 > 1 such that for any (ai, • • • , ap) G (]0, +oo[)^, we have 

/ P \ ^ P 


E 

2=1 


2 I I:::— 


> E«r + f E»r‘' 

i=l i^j 


(ii) There exist M > 0 such that for any a, b in M, we have 

|(a + by — — qa‘^~^b\ < M(|6|'^ + min(|ap, |6p)). 


Lemma 5.3 We have the following formula 
C 1 

(') = + o(^) 

n+4 

(ii) Tb,\dx = H{a,b) + 0{^^) for any a, b € O 
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